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Linear Lists and Trees

e Linear lists are useful for serially ordered data

— (80 €1, €5, .. € y)
« Sample : days of week, months in a year, students in this class

* Tree structure
— the data are organized in a hierarchical manner

« Trees are useful for hierarchically ordered data

,/ —_
e 0050
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Hierarchical Data and Trees

¢ In the hierarchy
— root : the element at the top of the hierarchy
— children : elements next in the hierarchy of the root
— grandchildren : elements next in the hierarchy of the root, and so
on
— leaves : elements that have no children

root

children of root

great grand child of root
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Definition of Tree
« Atreetis afinite nonempty set of elements

— One or more nodes

« One of these elements is called the root
— A specially designated node

¢ Theremaining elements, if any, are partitioned into trees,
which are called the subtrees of t
disjoint sets T,...,Tn  n>=0

T={T,T,..T,},n>0

— Notice : this is a recursive definition

Eff, iFSHL LR R, Rl

Binary Tree
« Finite (possibly empty) collection of elements.
« A nonempty binary tree has a root element.

« Theremaining elements (if any) are partitioned into two
binary trees.

« These are called the left and right subtrees of the binary
tree.

T ?, n=20
- {7, T,...T,5 n>0

**d %5 o

Efh, iHSHLLRER, KR

Abstract Data Type of Binary Tree

template <class T>
class BinaryTree
{
public:
BinaryTree();
~BinaryTree(BinaryTree<T> &bt1, T & root, BinaryTree<T> &bt2);
bool IsEmpty();
BinaryTree<T> leftSubtree();
BinaryTree<T> rightSubtree();
T RootData();
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Minimum Number Of Nodes

¢ Minimum number of nodes in a binary tree whose height is

« At least one node at each of first k levels

a skewed tree
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Maximum Number Of Nodes

* All possible nodes at first k levels are present.

Maximum number of nodes =1 +2+ 4+ 8+ ... + 2k1
=2k-1

a complete tree

Efh, iHSHLLRER, KR

Properties 1 : maximum number of nodes

¢ The maximum number of nodes on level i (i>=1)
of a binary tree is 211

Properties 2 : maximum number of nodes

* The maximum number of nodes in a binary tree of
depth k (k >=1) is 2k-1

Eff, iHSHL LR R, Rak




Properties 3 : leaf nodes and degree-2 nodes
* Relation between number of leaf nodes and degree-2
nodes
— For any nonempty binary tree, T, if
— ng : the number of leaf nodes
—n,: the number of nodes of degree 2
— Thenng=n,+1

Effi, iFFORL LR

Full Binary Tree
« Definition

— A full binary tree of depth k is a binary tree of depth k having 2k — 1
nodes

* Numbering Nodes
— Number the nodes 1 through 2k -1
— Number by levels from top to bottom
— Within alevel number from left to right

Efh, iHSHLLRER, KR 11

Complete Binary Tree
Definition
— A complete binary tree with n nodes and depth k

— iff its nodes correspond to the nodes numbered from 1 to nin the
full binary tree of depth k having 2« — 1 nodes

Start with a full binary tree that has at least n nodes
Number the nodes as described earlier

The binary tree defined by the nodes numbered 1 through n is the
unique n node complete binary tree

Eff, BT R, S 12




Properties 4 : Number Of Nodes & Height

e Let n be the number of nodes in a binary tree whose height

is k

2k-1 _1<n<2k—1

l

k-1<log,(n+1)<k

l

k = [logz(n + 1)]

Effi, iSO LR A,

Abstract Data Type of Binary Tree

template <class T>
class BinaryTree {
/543 5 REFRFES, =S RA 5T
public:
BinaryTree (); VECEA=F-3
BinaryTree ( BinTreeNode<T> *Ich,
BinTreeNode<T> *rch,
T item );
/325 K, Lhitem294R, Ich29 =4, rch9 5549
JECE Tt =y
int Height (); [ RIS SRIE T
int Size (); 1349 e g R A~ 2K
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BinTreeNode<T> *Parent (BinTreeNode<T> *t);
/IR eEAR e RFE
BinTreeNode<T> *LeftChild (BinTreeNode<T> *t);
/IR eEAR e AET*
BinTreeNode<T> *RightChild (BinTreeNode<T> *t);
/| RERtHET%

bool Insert (T item); VE:Z S LE B S
bool Remove (T item); /=433 R MIBR R F
bool Find (T& item); I3 ritem 2 & &4
bool getData (T& item); 131825 R # 38

bool ISEmpty (); RS
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BinTreeNode<T> *getRoot ();  //Ax4R

void preOrder (void (*visit) (BinTreeNode<T> *t));
17 5 55 | ViSit R i JE 3

void inOrder (void (*visit) (BinTreeNode<T> *t));
/150 B2 155 | ViSit & b )8 & 4k

void postOrder (void (*visit) (BinTreeNode<T> *t));
I7& 752 5, (*Visit) & i s & 2k

void levelOrder (void (*visit)(BinTreeNode<T> *t));
BRI 55| Visit2 Dy el &k
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Binary Tree Representation

« Array representation
* Linked representation

Efh, iHSHLLRER, KR 17

Sequential Representation

¢ Number the nodes using the numbering scheme for a full
binary tree
* The node that is numbered i is stored in array tree[i]

[1(2(3(4/5(6[7/8 10 o W 1(2(3(4[ [6[7[8f0[ [ fo[ e

Complete binary tree with 10 nodes Binary tree with 10 nodes
Efh, AL TR R, RAKE 18




Skewed tree: skewed to the right

* An n node binary tree needs an array whose length is
between n+1 and 2"

3 (s ([ ([ [[[f
L[
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Properties :5 Node Number

« If a complete binary tree with n nodes is represented
sequentially, then for any node with index i (2i + 1 > n ) have
— ifi# 1, parent (i) at|1/2]
— ifi=1,i isattheroot and not parent
- if 2i < n, leftchild(j) at 2i
— if 2i > n, i has no left child
- if2i+1<n ,rightChild() at2i+ 1
— if 2i + 1 > n, i has no right child

Efh, iHSHLLRER, KR 20

Linked Representation

« Each binary tree node is represented as an object whose data
type is TreeNode

« The space required = n * (space required by one node)

leftChild data rightChild

A SE— a— Binary Linked
- data -
/ \
leftChild rightChild

T, R R, R AT 21




Binary Tree Node

<class T> class BinaryTree; /I declaration

<class T>

BinTreeNode

{ friend class BinaryTree<T>;  //friend class
T data;
BinTreeNode<T> *leftChild;
BinTreeNode<T> *rightChild;
BinTreeNode(){ leftChild = rightChild = NULL; }
BinTreeNode(T d)
{ data = d; leftChild = rightChild =NULL; }
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Linked Representation (con.)

If it is necessary to be able to determine the parent of
random nodes, then a fourth filed parent, may be include in
TreeNode

y

leftChild data parent rightChild

Ternary Linked parent
!
- data
v
leftChild rightChild

Eff, THEHL LR R, RdK¥ 23

Linked Representation using Array
« Abinary tree node is represented as an object whose data type

is TreeNode using a one-dimensional array representation in
memory

data parent leftChild rightChild

root
0o Al 1] 1 | 1
Q 1 B| 0 2 3
® > C| 1| -1 | =1
3 D| 1| 4 | 5
©® 4+ E[ 3| -1 1
® ® 5 F 3 -1 -1

Eff, N TR R, Rlkr 24




template <class T>
struct BinTreeNode { /| =X 3 sem X

T data; [ =
BinTreeNode<T> *leftChild, *rightChild;

AT+, T~k
BinTreeNode () 113925 &2
{ leftChild = NULL,; rightChild = NULL; }

BinTreeNode (T x, BinTreeNode<T> *| = NULL,

BinTreeNode<T> *r = NULL)
{ data = x; leftChild =1I; rightChild =r; }

Effi, iSO LR A,

template <class T>

class BinaryTree { /I =X#33em X
public:
BinaryTree () : root (NULL) { } VECEA=E"3
BinaryTree (T value) : RefValue(value), root(NULL)
{} JIECE=F
BinaryTree (BinaryTree<T>& s); /S E RS
~BinaryTree () { destroy(root); } /#7748 = 2%

bool IsEmpty () { return root == NULL;}

/13 =X s
int Height () { return Height(root); } VEZr=p:4
int Size () { return Size(root); } [IE2="5% "3

Efh, iHSHLLRER, KR 26

BinTreeNode<T> *Parent (BinTreeNode <T> *t)
{ return (root == NULL || root == t) ?
NULL : Parent (root, t); } /2 ERa=zsR

BinTreeNode<T> *LeftChild (BinTreeNode<T> *t)
{ return (t '= NULL) ? t=>leftChild : NULL,; }
1B E =T %

BinTreeNode<T> *RightChild (BinTreeNode<T> *t)
{ return (t '= NULL) ? t->rightChild : NULL; }
/B E 2 F%

BinTreeNode<T> *getRoot () const { return root; }
//EAR

Eff, it SHL LR R,




void preOrder (void (*visit) (BinTreeNode<T> *t))

{ preOrder (root, visit); } |15 7528 55
void inOrder (void (*visit) (BinTreeNode<T> *t))
{ inOrder (root, visit); } ek 528 05
void postOrder (void (*visit) (BinTreeNode<T> *t))
{ postOrder (root, visit); } I7& &2 05
void levelOrder (void (*visit)(BinTreeNode<T> *t));
BRI 5
int Insert (const T item); /3% N7 A
BinTreeNode<T> *Find (T item) const; JJE: 2=
Eff, iFSHL LR R, Rl 28
protected:
BinTreeNode<T> *root; | =X +3e 4R 35 %t
T RefValue; [13% 3B 4 N1 AL AR

void CreateBinTree (istream& in,
BinTreeNode<T> *& subTree);

TN N

bool Insert (BinTreeNode<T> *& subTree, T& X);

/3@~
void destroy (BinTreeNode<T> *& subTree);

[1 9 Bs

bool Find (BinTreeNode<T> *subTree, T& X);

//23%

Efh, iHSHLLRER, KR 29

BinTreeNode<T> *Copy (BinTreeNode<T> *r);  //3L#1

int Height (BinTreeNode<T> *subTree); ES=E pp: 4
int Size (BinTreeNode<T> *subTree); [132 = 2 AR

BinTreeNode<T> *Parent (BinTreeNode<T> *
subTree, BinTreeNode<T> *t);
JES= BTS2
BinTreeNode<T> *Find (BinTreeNode<T> *
subTree, T& X) const; /325X

Eff, BT R, S 30
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void Traverse (BinTreeNode<T> *subTree, ostream& out);
|17 73 288 15 4y
void preOrder (BinTreeNode<T>& subTree,
void (*visit) (BinTreeNode<T> *t));
175 52 D5
void inOrder (BinTreeNode<T>& subTree,
void (*visit) (BinTreeNode<T> *t));
/90 528 5
void postOrder (BinTreeNode<T>& Tree,
void (*visit) (BinTreeNode<T> *t));
7& &2 05

Eff, iFSHL LR R, Rl

friend istream& operator >> (istream& in,
BinaryTree<T>& Tree); //E##TE: %N

friend ostream& operator << (ostreamé& out,
BinaryTree<T>& Tree); //&Ea#t#TE: #rh

Efh, iHSHLLRER, KR
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template <class T>

BinTreeNode<T> *BinaryTree<T>::Parent (BinTreeNode <T> *subTree,

BinTreeNode <T> *t)

/176 Bk MeE R subTree FF58, IR R LA L8R,
[l 3% =), MR E R S ak B0, "R ENULL
if (subTree == NULL) return NULL;
if (subTree—>leftChild ==t || subTree—>rightChild ==t )
return subTree; /1352, 3% B R gk ARt ak

BinTreeNode <T> *p;
if ((p = Parent (subTree—>leftChild, t)) 1= NULL)

return p; JE-D=F:E =52k ke
else return Parent (subTree—>rightChild, t);
/2693 2 2= F- 45 P 4R %

Eff, iHSHL LR R, Rak
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template<class T>
void BinaryTree<T>::
destroy (BinTreeNode<T> * subTree)
{
117637 & MIBRAR g subTreeey F-43
if (subTree != NULL) {
destroy (subTree—>leftChild); //#iBrZEF+3
destroy (subTree—>rightChild); //#Bxas-F44
delete subTree; [ BRAR 25 2=

Eff, iFSHL LR R, Rl

template<class T>
istream& operator >> (istream& in, BinaryTree<T>& Tree)
{

[ E# 3R TE SNSRI — R = XA Tree

AL 272N #5511

CreateBinTree (in, Tree.root); |35 = X

return in;

Efh, iHSHLLRER, KR
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Binary Tree Traversal

Many binary tree operations are done by performing a traversal

of the binary tree

In a traversal, each element of the binary tree is visited

exactly once

During the visit of an element
— all action with respect to this element is taken
« display, make a clone, evaluate the operator, etc.

Effi, iFFORL LR

Binary Tree Traversal Methods

When at a node, let:
— L : moving left child
— V : visiting the node
— R :moving right child

There are six possible combinations of traversal

traverse left before right traverse right before left
— preorder : VLR or VRL
— inorder LVR or RVL
— postorder : LRV or RLV

Efh, iHSHLLRER, KR
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Binary Tree Traversal Methods

e preorder
* inorder

e postorder
* level-order

Eff, iHSHL LR R, Rak
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Program : preorder (recursive)
template <class T>
void BinaryTree<T>::PreOrder (BinTreeNode<T> * subTree,

void (*visit) (BinTreeNode<T> *t))

if (subTree = NULL)

visit (subTree); 1135 Ja14R 25 5
PreOrder (subTree—>leftChild, visit); |28 155 2= 5~
PreOrder (subTree—>rightChild, visit); /& E 254
Eff, iFSHL LR R, Rl 40
Program : inorder (recursive)

template <class T>
void BinaryTree<T>::InOrder (

BinTreeNode<T> * subTree,
void (*visit) (BinTreeNode<T> *t) )

if (subTree != NULL)
/128 155 2= 54

InOrder (subTree—>leftChild, visit);
I35 a1 4R £

visit (subTree);
InOrder (subTree—>rightChild, visit); //2& 53545

Efh, iHSHLLRER, KR 41

Program : Postorder

template <class T>
void BinaryTree<T>::PostOrder (BinTreeNode<T> * subTree,
void (*visit) (BinTreeNode<T> *t)

if (subTree '= NULL )
PostOrder (subTree—>leftChild, visit);  //# 55 2543
PostOrder (subTree—>rightChild, visit); //2& 54554
visit (subTree); /i AR 25 5
}
}

Eff, iHSHL LR R, Rak
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template <class T>

Level-Order Traversal

Visits the nodes using the ordering

- Visit theroot first
Then visiting the nodes at each level from the leftmost node to the
rightmost node

Requires a queue

Effi, iSO LR A,

43

Level Order

Let t be the tree root
while (t = NULL)
{
visit t and put its children on a FIFO queue;
FIFO queue is empty, sett = NULL;
otherwise, pop a node from the FIFO queue and call it t;

}

Efh, iHSHLLRER, KR 44

Operations : Height

/76 SR R A IS5 B S5 TS = AT B SRR
int BinaryTree<T>::Height(BinTreeNode<T>* subTree) const

{

if (subTree == NULL) return 0; //Z=#47 %290
else {

inti = Height(subTree—>leftChild);

int j = Height(subTree—>rightChild);

return (i <j) ? j+1:i+1;

Eff, it SHL LR R,
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Operations : Size

[FF @R FA = RIS 5 RIS R AT 25 R 2K

template <class T>
int BinaryTree<T>::Size(BinTreeNode<T>* subTree) const
{
if (subTree == NULL) return 0; /2233
else returnl
+ Size(subTree—>leftChild)
+ Size(subTree—>rightChild);

}
Eff, SRR, Rl ks 46
Data Structures
Binary Trees Construction
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Binary Tree Construction
* Suppose

— the elements in a binary tree are distinct

« Can you construct the binary tree from which a given
traversal sequence came?
— Such as
« Method 1: preorder traversal sequence
* Method 2: preorder and inorder sequence

Eff, iHSHL LR R, Rak

48
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Method 1 : preorder traversal sequence

ABC@@DE@G@Q@FQ@@Q@

@ o

Emptyinede:xsuch=as ‘@’ or ‘-1’ 49

template<class T>
void BinaryTree<T>::CreateBinTree (ifstream& in,
BinTreeNode<T> *& subTree)

{
/1763 B 3R LA A5 KR I = XA
T item;
if (lin.eof ()) { [IRIRR, NI
in >> item; [ NAR2E A TE

if (item 1= RefValue) {
subTree = new BinTreeNode<T>(item);
/32 AR 25 R
if (subTree == NULL)
{cerr << “HurzmEe!” <<endl; exit(1);}

Efh, iHSHLLRER, KR 50

CreateBinTree (in, subTree—>leftChild);
[/2.93 32 22 2= F-45
CreateBinTree (in, subTree->rightChild);
/13493 32 225549
}
else subTree = NULL;
[/23 1A 35 5 =2 T3S b 353

Eff, it SHL LR R,

17



Binary Tree Construction

Method 2

Effi, iSO LR A,

Binary Tree Construction

When a traversal sequence has more than one element, the
binary tree is not uniquely defined

Therefore, the tree from which the sequence was obtained
cannot be reconstructed uniquely

Can you construct the binary tree, given two traversal
sequences?

Depends on which two sequences are given, such as preorder
and inorder sequences, can construct a uniquely binary tree

Suppose : for a same binary tree
— preorder sequence ABCDEFGHI
— inorder sequence BCAEDGHFI

Efh, iHSHLLRER, KR 53

Inorder and Preorder
Scan the preorder left to right using the inorder to separate left
and right subtrees

inorder: BCAEDGHFI
preorder: ABCDEFGHI

BC EDGHFI

Eff, it SHL LR R,

18



Constructing a binary tree from its inorder and preorder

Inorder : BCAEDGHFI

///
e
Perorder :  ABCDEFGHI

Inorder : BCAEDGHFI @

S o

/ .
Perorder :  ABCDEFGHI

N

Eff, iHHL R R, Rk

Inorder : BCAEDGHFI /®

7

8
// o~

Perorder :  ABCDEFGHI /@
N /

\
\\

O OG>
JoR
Inorder :  BCAEDGHFI < @
/ \\
Perorder :  ABCDEFGHI @ @/ @
/N

Eff, THEHL LR R, RdK¥

ol
®

Inorder :  BCAEDGHFI @ @ @
Perorder :  ABCDEFGHI @ \<D

Inorder : 2,3,1,5,4,7,8,6,9

®
oo
Perorder : 1,2,3,4,5,6,7,8,9 @ d®®®

Eff, N TR R, Rlkr
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Data Structures

Counting Binary Trees
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Distinct binary Trees
* Abinary tree T
— n=0, or,n=1:only onetree @ @
— n=2:two distinct trees
— n=3: five distinct trees @ @
/ .\ / y \
— n ?:how many distinct trees are there with n nodes?
Eff, THEHL LR R, RdK¥ 59
Computer the number of distinct binary trees with n nodes
©
bn = bl 'bn—lfl
. 1 1 (@2n)!
Catalan Function b, = C = 2n)
n+1 " n+1nkn!
Eff, PR R, Rk 60
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